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1 Introduction 

(N 

The F-signature is a numerical invariant of a local (or graded) ring R containing a field of 
positive characteristic. It arose naturally in [SVdB97] in the study of the ring of differential 
operators in prime characteristic but was first singled out as an object of independent interest 
in [HL02], It has been shown to be intimately connected to various measures of the singularity 
of R. For example, the F-signature is positive if and only if the ring is strongly F-regular, and 
it is equal to 1 if and only if the ring is regular [HL02J. (In general, it is a real number between 
and 1.) 

In this paper, we will compute the F-signature when R is the coordinate ring of an affine 
toric variety or, equivalently, a normal monomial ring. (The F-signature of a non-normal ring 
is zero in any case.) In particular: 

Theorem 13. 3L (cf. t r WY04l, Theorem 5.1) Let R = k[S] be the coordinate ring of an affine 
toric variety X without torus factors, with the conventions of Remark \3.1\ below. In particular, 
S = M n <7 V , where M is a lattice, a C Mr = M ®i M. is a full- dimensional strongly convex 
■ rational polyhedral cone, and er v is the dual cone to a. Let v\,...,v r £ Z n be primitive generators 

for a. Let P a C a be the polytope {w G Mr | Vi, < w ■ Vi < 1}. Then s(R) = Volume(P (7 ). 

More generally, suppose X = X' x T, where X' is a toric variety without torus factors and T 
is an algebraic torus. Let C be the vector subspace spanned by a, and let a' be a viewed 
as a cone in N^. Then s(k[X]) = s(k[X']) = Volume(P cr '). 

(We will review the notation of cones and toric varieties in the next section.) Our formula 
is equivalent to the one given in [WY04J in the case where X has no torus factors; when X does 
have torus factors, our formula corrects the one given in [ WY04] . which does not hold in that 
case. 

Our method of proof differs from the proof given in [WY04J. It is similar to that used 
by Watanabe in [Wat 99] to compute toric Hilbert-Kunz multiplicities. A different formula for 
the F-signature of a normal monomial ring has also been computed by Singh in [Sin05j . The 
methods used in this paper allow us to give an easy proof of Singh's result (Theorem 15 .6p . 

The notion of F-signature of a pair (R, D) or a triple (i?, D, a 1 ) has been defined in |BST11| . 
We compute these in the toric case: 

Theorem 14.191 Let R be the coordinate ring of an affine toric variety, with conventions as in 
Remark \3.1\ Let D be a torus-invariant divisor, with associated polytope as in Definition 
r^7g[ Then s{R) = Volume(P^). 



>< 



Theorem 14.221 Let R be the coordinate ring of an affine toric variety, with conventions as in 
Remark \3.1\ Let D be a torus-invariant divisor as in Definition ^. 18\ Let a C R be a monomial 
ideal, with associated polytope P a ' as in Definition \4^1\ Then s(R, D, a*) = Volume(P^' a ). 
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Corollary 14.301 Let R be the coordinate ring of an affine toric variety, D a divisor on Spec R, 
and a a monomial ideal, presented as in Theorem \4-2S\ Suppose that the pair (R, D) is Q- 
Gorenstein. Then s(R, D, a*) = Volume {P® n t ■ Newt (a)). 

I would like to thank my advisor, Karen Smith, for providing guidance during my work on 
this paper; Kevin Tucker for his insight into F-signature of pairs and triples, and for providing 
a proof of Lemma I4.9| and Julian Rosen for several useful discussions which led to a first proof 
of Lemma 13,111 (The proof given here is inspired by [Wat99].) 

This work was partially supported by NSF grant DMS-0502170. 



2 Preliminaries 

2.1 F-signature 

We recall the definition of F-signature. Let R be a ring containing a field k of characteristic 
p > 0. Let F£R be the .R-module whose underlying abelian group is R and whose i?-module 
structure is given by Frobenius: for r£E,s£ F£R, r ■ s = r p "s. If R is reduced, it's easy to see 
that F£R is isomorphic to the i?-module of p e th roots of elements of R. (This also gives 

F£R a natural ring structure.) Recall that R is said to be F-finite if F*R is a finitely generated 
i?-module. (For example, every finitely generated algebra over a perfect field is F-finite.) 

Remark 2.1. (Conventions.) In what follows, all rings are assumed to be Noetherian F-finite 
domains containing a field k of prime characteristic p > 0. We assume that k is perfect unless 
stated otherwise (though by Remark 16.11 this assumption is mostly without loss of generality). 
Moreover, all rings are either local with residue field k; graded over Z n for some n with each 
graded piece isomorphic to k; or graded over N with zeroeth graded piece is equal to k. 

Definition 2.2. Let R be a Noetherian local ring or an ~N-graded ring with zeroeth graded piece 
a equal to a field. Let M be a finitely generated R-module (which is assumed to be graded if R is 
graded), and consider a decomposition of M as a direct sum of indecomposable R-modules. The 
free rank of M as an R-module is the number of copies of R in this direct sum decomposition. 

Remark 2.3. In general (if R is not local or N-graded over a field), the free rank of a module 
is not well-defined. In the local or N-graded setting, however, free rank is uniquely determined 
(see, e.g., Remark 12.61 and Lemma l6.6|) . 

Definition 2.4. JHLO0/ Let R be a ring (either local or graded, as described above) of dimension 
d. Let a = \og p [k p : k] < oo. For each e € N ; let a e be the free rank of R 1 ^" as an R-module, so 
that F£R = R® ae © M e , with no copies of R in the direct sum decomposition of M e . We define 
the F-signature of R to be the limit 

s(R) = lim 



e— ► 



oo p e(d+a) ' 



Remark 2.5. Tucker [TucllJ showed that the limit given in Definition 12.41 exists when R is a 
local ring. (It follows from Lemma [6.6151 that F-signature is well-defined when R is N-graded as 
in Remark 12. 11) 



For the sake of simplicity, we will confine ourselves to the case of perfect k at first, so that 
s(R) = lim 

e— s>oo ~§3- After we have proved our main results in the perfect case, it will not be 
difficult to extend them to the case [k p : k] < oo. 
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Remark 2.6. The F-signature of a local ring (R, m, k) may also be characterized as follows (see 
[Tucll] ): define I e C R to be the ideal {r € R \ e Hom^E 1 /^, JJ), 0( r VP e ) G m }. In other 
words, I e is the ideal of elements of R whose p e th roots do not generate a free summand of 
R^\ Then a e = l(F£(R/I e )), so s(R) = lim^ ^ffl . 

Since l(F£M) = [k p : /c] 6 /(M), we arrive at the following definition of F-signature, which 
does not depend on a: 

Z(i2// e ) 



s(R) = lim 



e— >oo 



P' 



ed 



2.2 Affine toric varieties 



Here, we present enough background on toric varieties to prove Theorem l3.31 Almost all notation 
is standard as in Fulton's book [Ful93j . which the reader may consult for further details. 

A toric variety X may be defined as a normal variety which contains an algebraic torus 
T = Spec k[x%, x^ 1 , . . . , x n , x" 1 ] as an open dense subset, so that the action of T on itself extends 
to an action of T on X. Toric varieties can be presented in terms of simple combinatorial data, 
making algebro-geometric computations easier on toric varieties. 

Let ^ be a free abelian group of rank n. Let M = N* = Homz(A, Z) the dual group to 
N . Consider M as a lattice, called the character lattice, in the R-vector space Mr := M ®% R. 
Let k[M] be the semigroup ring on M, so that up to non-canonical isomorphism, k[M] ~ 
fcfxf 1 , . . . , x^ 1 ] is the coordinate ring of an "algebraic torus." Elements of the semigroup M 
are called characters but may also be thought of as exponents; the inclusion of abelian groups 
X ■ M + c — > (k[M]) x is called the exponential map and is written m i— > x m ■ Elements \ m ^ k[M] 
are called monomials. In this paper, a monomial ring R is a A;-subalgebra of fe[M], finitely 
generated by monomials: R = k[S], where \ S ls the set of monomials in R. Of course, the set 
of monomials in R forms a semigroup under multiplication which is naturally isomorphic to S. 
We denote by L = Lattice (S) the (additive) subgroup of M generated by S, which is isomorphic 
under the exponential map to the (multiplicative) group of monomials in Frac(i?). 

In what follows, let a C Ar be a strongly convex rational polyhedral cone. By rational 
polyhedral cone we mean that a is the cone of vectors {Yli a i^i \ < ai € R}, where V{ € M are 
a collection of finitely many generators for a. Moreover, we require that a be strongly convex: 
that is, if 7^ v G a then — v £ a. 

A minimal set of generators of a cone is uniquely determined up to rescaling. (For each i, 
R>o • Vi is a ray which forms one edge of the cone a C Ar.) It is often useful to take the vectors 
v*i to be primitive generators: that is, we replace each Vi with the shortest vector in A that lies 
on the same ray. The primitive generators of a are themselves uniquely determined. 

A face of a is F = a n H , where H C R n is a hyperplane that only intersects a on its 
boundary da. (Equivalently, H = w^, where w ■ v > for all v £ a. Such H is called a 
supporting hyperplane.) A codimension-one face is called a facet. As is (hopefully) intuitively 
clear, one can show that the union of the facets of a is equal to the boundary of the cone, da. 
Every face of a is itself a strongly convex rational polyhedral cone, whose generators are a subset 
of the generators of a. 

A strongly convex rational polyhedral cone a in the vector space V has a dual cone, a v = 
{u € V* I u ■ v > 0\/v G a}. It's a basic fact of convex geometry that <r v is also a rational 
polyhedral cone, and that a = (a v ) v . 

Now we define affine toric varieties in the language of cones. Every affine toric variety may 
be presented in the following form: 
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Definition 2.7. Let N be an n-dimensional lattice, N C = N <g>z R- Let M = N* , and 

Mr = M <g> R. Lei cr C -/Vjr be a strongly convex rational polyhedral cone, and S = a v n M, 
where a y C Mr is i/ie dwal cone to a. Let R = k[S]. The affine toric variety corresponding to 
a is defined to be X = Speci?. 

Remark 2.8. Only normal monomial rings arise as the coordinate rings of toric varieties. Since 
strongly F-regular rings are normal, there will be no loss of generality in restricting our F- 
signature computations to only those monomial rings arising from toric varieties. (If a monomial 
ring does not arise in this fashion, it is not normal, hence not strongly F-regular, so we already 
know that its F-signature is zero.) 

It will be convenient, during our F-signature computations, to temporarily assume that the 
cone a defining our toric variety X a is full-dimensional. Equivalently, we assume that our toric 
variety contains no torus factors, i.e, is not the product of two lower-dimensional toric varieties, 
one of which is a torus. The following (easily checked) facts about products of cones will allow 
us to reduce to the case of a toric variety with no torus factors: 

Lemma 2.9. ( JCLSll^ . Proposition 3.3.9) Let X = Speci? be the affine toric variety corre- 
sponding to the cone a, so that R = k[a v flM]. Let C N^ be the vector subspace spanned by 
a. Let N 1 = n N. Let a' be a, viewed as a full- dimensional cone in N^_. Let N" = N/N' . 
Then X ~ X' x Tjy"; where X' is the affine toric variety (with no torus factors) corresponding 
to a' and T/v» = Speck[M"] is an algebraic torus. 

On a similar note, we see that full-dimensionality is a dual property to strong convexity: 

Lemma 2.10. QFuWSf . $1.2) A (rational polyhedral) cone is full- dimensional if and only if its 
dual cone cr v is strongly convex. (Or, equivalently, if and only if is the only unit in c v DM.) 

The following fact will also be useful later. It says that the group Lattice(S') generated by 
the semigroup S is equal to the character lattice M. 

Lemma 2.11. Let N be a rank-n lattice, M = N* , a C N^ a strongly convex rational polyhedral 
cone, and S = cr v n M (so that Speck[S] is the affine toric variety corresponding to a). Then 
Lattice (S 1 ) = M. More generally, if L' C Mr is any n-dimensional lattice, cr v C Mr any n- 
dimensional cone, and S = cr v n L' , then Lattice(S') = V , that is, L' is the group generated by 
the semigroup S. 

Next, we define a polytope: 

Definition 2.12. A polytope in W 1 is the convex hull of a finite set of points, which we will 
call extremal points. Equivalently, a polytope is a bounded set given as the intersection of finitely 
many closed half-spaces H = {v \ v- u > 0} (reference), or a bounded set defined by finitely many 
linear inequalities. 

Remark 2.13. We will abuse notation by allowing polytopes to be intersections of half-spaces 
which are either open {H = {v \ v ■ u > 0}) or closed. (We will compute F-signatures to be 
the volumes of various polytopes. Since the volume of an intersection of half-spaces is the same 
whether the half-spaces are open or closed, this technicality will not affect our arguments.) 
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3 Toric F-Signature Computation 



Remark 3.1. (Conventions.) For the remainder of this paper, N is a lattice; M = N* is the 
dual lattice; a C N is a strongly convex rational polyhedral cone; S = M n <r v , so that fcfS 1 ] 
is the coordinate ring of an affine toric variety in the notation of [Ful93], and vi,...,v r are 
primitive generators for a. Unless stated otherwise, k is perfect, and a is full-dimensional (i.e., 
the associated toric variety has no torus factors). 



3.1 Statement of the main result, and an example 

Definition 3.2. Let a be a cone as in Remark \3.1\ with primitive generators v\, . . . , v r . We 

define P a C <r v to be the polytope {w € Mr | Vi, < w ■ Vi < 1}. 

Theorem 3.3. Let R be the coordinate ring of an affine toric variety X with no torus factors, 
with the conventions of Remark \3.1[ Then s(R) is the volume of P a . More generally, suppose 
X = X' x T , where X' is a toric variety without torus factors and T is an algebraic torus. Let 
C Nr be the vector subspace spanned by a, and let a' be a viewed as a cone in NL. Then 
s(k[X}) = s(k[X']) = Volume(P CT /). 

We will prove this theorem in Section 13.31 For now, we provide an example computation: 




(a) The cone a C N R . (b) The dual cone <r v C M H . 

Figure 1: Computing the F-signature of the coordinate ring k[x,xy,xy 2 ] of a quadric cone. 



Example 3.4. Figure 1(a) shows the cone a corresponding to a plane quadric Y(xy — z 2 ). 
primitive generators v\,V2- Figure 1(b) shows the dual cone a v rK " >•;>... ~- 



with 

The coordinate ring k[o~ v n M] 



is k[x, xy, xy 2 ]. In this case, P a , shaded in the figure, is the parallelogram {{x, y) 1 < y < 1, < 
2x — y < 1}. The F-signature is s(R) = Volume(P cr ) = i. 



3.2 i?-module Decomposition of E}/ q 

The main supporting result proved in this section is Lemma 13.81 which gives a formula for 
the free rank of R 1 ^ as an i?-module in terms of the number of monomials in R l l q having a 
certain property. That lemma will be integral to our proof of the main theorem. Lemma 13.81 
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follows immediately from Lemma 13, 7\ which describes how R 1 ^ decomposes as a direct sum of 
indecomposable .R-module. 

We will be able to compute the .F-signature of a monomial ring R because the .R-module 
R}/ q has an especially nice graded structure. In particular: 

Lemma 3.5. Let R be a monomial ring, with q = p e , and with character lattice M ~ Z n . Then: 

1. R l / q is finitely generated, as an R-module, by q th roots of monomials in R of bounded 
degree. 

2. R 1 ^ admits a natural |M -grading which respects the M -grading on R C R l l q . Each 
graded piece of R 1 ^ a one- dimensional k-vector space. 

Proof. 1. If R is generated by a finite set of monomials Tj, we can pick a minimal set of t 
generators from among {Y\ i r^^ q | < < q}. 

2. We consider R as a graded subring of the M-graded ring /c[M]. The grading on R l / q is 
inherited in the obvious way: deg(x m ) 1 ^ q = ^degx m = \ m - We conclude that R x l q has 
a natural ^M- grading. Each graded piece consists of the set of fc-multiples of a single 
monomial X ■ 

□ 

It's well-known that relations on graded modules over monomial rings are generated by 
so-called "binomial" relations. We supply a proof here, for lack of a better reference: 

Lemma 3.6. Let W be a G-graded R-module, G an abelian group, with each nonzero graded piece 
a one- dimensional k-vector space. (For example, when R is a monomial subring of k[x±, . . . , x n ], 
W = R l / q is {1/q) n -graded.) 

1. We can write W as a quotient of a free module so that the relations are generated by 
"binomial" relations, of the form r ■ p = s ■ p, for r, s homogeneous elements of R and p, p 
homogeneous elements of W such that deg r + deg p = deg s + deg p. 

2. We will say that two monomials p, p £ W are related if they satisfy a binomial relation. 
Then being related is an equivalence relation. 

Proof. 1. Let pi be graded generators for W. Let Ylii r il i i = be a relation. Since W is 
graded, r il l i ma y be written as a sum of graded pieces, each of which is itself equal 
to 0. In other words, the relations on W are generated by relations with the property 
that ripi has the same degree for each i. In that case, since each graded piece of W is a 
one-dimensional fc-vector space, we have that for each i, and each j for which ripi ^ 0, 
r^pi = CijrjPj for some Cjj S k. This is a binomial relation on pi and pj, and binomial 
relations of this form generate the original relation ripi = 0. 

2. If rp = sp, and s'p = tr, then rs'p = str, so p ~ r. 

□ 

The following lemma essentially indicates how to decompose R l l q as a direct sum of R- 
submodules generated by monomials. It also gives a condition describing which monomials 
generate free summands of R l ' q . 
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Lemma 3.7. Let W be a finitely generated G-graded R-module, G an abelian group, with each 
nonzero graded piece a one- dimensional k-vector space. (For example, W = R l / q , G = Z n .) Let 
H be a set of homogeneous generators for W . Let A\, . . . C H be the distinct equivalence 
classes of elements of H which are related (in the sense of Lemma \3. 6\) . Then: 

1. W ~ ®; R- Ai is a direct sum of submodules generated by the sets A^. 

2. Each of the submodules R ■ Ai is rank one (hence indecomposable even as an ungraded 
R-module). 

3. Finally, a homogeneous element fx G W generates a free summand of W if and only if the 
only homogeneous elements ofW that are related to /i are R-multiples of fi. 

Proof. 1. Suppose that A, B C H , and C = A \J B. Since the corresponding submodules R-A 
and R ■ B are graded, their intersection must also be graded. In particular, in order for 
these modules to have nonempty intersection (equivalently, for the sum R-A + R-B = R-C 
to fail to be direct), we should have a binomial relation r/i = st for some \jl G A,t G B, and 
r,s G R, by Lemma [3. 6 1 However, we constructed the sets Ai so that no binomial relations 
exist between them. We conclude that the sum is direct, and W = R ■ H ~ R- Ai. 

2. Suppose that we have a subset A C H of homogeneous elements which are are all related 
to one another (for example, A = Ai for some i). Then pick a homogeneous \x G A. For 
any r G A, we have that r\i = st for r,s G R; equivalently, r = ^/i G Frac(i?) • /i. We 
conclude that R ■ A has rank 1, that is, R - A (8>i? Frac(i2) ~ Frac(-R). 

3. Fix \x G W. Let A%, Af.be the equivalence classes of related monomials in W. Without 
loss of generality, we may assume that n E A%. Then R ■ A\ is free of rank one if and only 
if it is generated by a single monomial. Thus, R ■ \i is a free summand of W if and only if 
\x generates R ■ A\, that is, if and only if \i divides every homogeneous element of W that 
is related to /i. 

□ 

The following lemma will be essential in the next section when we compute the free rank 
a e of R l l q as an i?-module. (We will also use this lemma in Section H] when computing the 
i^-signature of pairs and triples.) 

Lemma 3.8. Let R = k[S] be a monomial ring, S a semigroup, and let L = Lattice(5) be 
the group generated by S. Fix q = p e . Let H C ^L be a finitely generated S -module, so that 
k[H] C k[^L] is an R-module finitely generated by monomials. Let a e be the free rank of k[H] 
as an R-module. Then the set of monomials in H which generate a free summand of k[H] is 
{x° \v G H , and Mk G L\S, v + k^L H}. Moreover, if is the only unit in H , then a e is the size 
of this generating set. 

Proof. By Lemma 13.71 a monomial \i G k[H] generates a free summand of k[H] if and only if it 
is unrelated to all monomials in k[H] that are not R- multiples of itself. We may characterize 
r being related to /i (but not a multiple of it) by r = '^fi, with ^ G (FracR)\i?. Thus, the 
set of monomial generators for k[H] which generate a free summand of k[H] is {// G x H I 
for all monomials - G (Fi&c R)\R, ^ A;[-ff]}. We may rewrite this set as {% | v G H, and 
V/c G L\S,v + k £ H}, which is precisely the set described in the statement of the lemma. If 
is the only unit in H, then there is a one-to-one-correspondence between monomials in the 
generating set and free summands of W. In that case, a e is the size of the generating set. □ 
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Remark 3.9. As we'll see shortly, when we apply Lemma 13.81 to the case of the P-module R 1 ^, 
the technical requirement that G H be the only unit corresponds to the cone a being full- 
dimensional. 

3.3 Proof of the Main Result 

Remark 3.10. (An aside on computing volumes.) Consider M C Mr, a lattice abstractly iso- 
morphic to Z n contained in a vector space abstractly isomorphic to R n . Choosing a basis for 
M gives us an identification of Mr with W 1 , hence a way to measure volume on Mr. It's easily 
checked that this volume measure depends only on M and not on our choice of basis for M. 
(Such a measure is uniquely determined by the fact that with respect to it, the measure of a 
fundamental parallelepiped for M, also called the covolume of M, is 1.) Thus, it makes sense to 
talk about measuring volume "relative to the lattice M," denoted Volume m (or simply Volume 
when there is no risk of ambiguity). 

Now we are ready to prove our main result. 

Proof of Theorem VJ.'Ji Suppose first that X has no torus factors. We apply Lemma 13.81 with 
H = a v n ±M, k[H] = R l ' p \ Since a is full-dimensional, er v is strongly convex (by Lemma 
12. 10p . so H contains no nontrivial units. Then 

a e = #{v G (a v n — M) I Vfc G M\a v ,v + k^a v }. 
p e 

Let P' a be the set {v G cr v | VA? € M\a v ,v + k <£ a v }. Then a e = #{v G P' a n ^M}. 
By Lemma [3.111 P a = P a . Set q = p e . Then s(R), defined to be lim e _ ) . 00 is equal to 

lim^oo ^ " n q — . We apply Lemma f3. 121 to conclude that s(P) = Volume (P CT ). 

Suppose now that X has torus factors. By Lemma 12. 91 X ~ X' x Tjv«, where X' = 
Specfc[cr'nM'] and T N » is the algebraic torus Spec k [M"]. In particular, R ~ k[X']<g> k k[M"]. We 
apply Theorem 16.21 on the F-signature of products to see that s(R) = s(k[X']) ■ 1 = s(k[X']) = 
Volume(i- > (7 '). (It is easy to check directly that s(k[M"]) = 1: writing M" ~ Z d , we see that 
k\L d is a free A;[Z d ]-module of rank q d .) □ 

It remains to prove the two lemmas referenced in the proof of Theorem 13.31 

Lemma 3.11. Suppose that we are in the situation of Remark lff.il Then 

p' a ■= g er v | Vfc G M\<7 V ,v + k<£ a v } = {v G Mr | Vt, < v- tT< < 1} =: P CT . 

Proof. Recall that <7 V = {u | it • V{ > for all i}. 

Suppose w G Pr, so that for each i, < v ■ Hi < 1. Fix A; G M\<r v . Since A; ^ cr v , we know 
that k ■ Vj < for some j. For such j, since • u ) G Z, we know that k ■ Vj < — 1. It follows that 
(u + fe) • ?7j < 0. Thus, v + k ^ a v . We conclude that w G P^.. Hence, P a C P^.. 

Conversely, suppose that v £ P a , so that for some j, v ■ Vj > 1. Set fco to be any vector 
in M such that k ■ Vj = — 1. (Such &o exists since by Lemma I2.1H Lattice(5) = M.) Choose 
A?i to be any vector in M that also lies in the interior of the facet Fj = vj- n cr v of o" v . Then 
k\ ■ Vi > for each i ^ j. Thus, for sufficiently large m, (Aft + mk\) ■ Hi > for i 7^ j, while 
(ko + mfci) • = 0. Set k = fco + mfci. Then A; G M, but u ^ \<7 V , since k ■ Vj = —1 < 0. On the 
other hand, v + k G c v , since (?7 + A;) • > for each i. We conclude that v ^ P CT . 

Hence, P CT C P CT . We conclude that P CT = P CT , as we desired to show. □ 



8 



Lemma 3.12. Let M be a lattice and P C M ®z K a polytope (or, more generally, any set 
whose boundary has measure zero). Then lim^oo ^ ^ - = Volume(P). 

Proof. In fact, when P is a polytope, it can be shown that the quantity #{P H ^M} is poly- 
nomial in q of degree n, known as the Ehrhart polynomial of P, and that its leading coefficient 
#{Pn-M} 

linig^oo is Volume(P) ( |MS05j . Thm 12.2). Even without this fact, however, it is easy 

to sketch a proof of the special case that we require: the quantity lim^^ — is a limit 

of Riemann sums measuring the volume of P with respect to the lattice M. (See, for example, 
[Fol99j . Theorem 2.28.) □ 

4 F- Signature of Pairs and Triples 
4.1 Definitions 

The notion of singularities of pairs is an important one in birational geometry. Instead of 
studying the singularities of a variety X, or the singularities of a divisor D on X, one studies 
the pair (X, D), for example by considering how D changes under various resolutions of X. (See 
[Kol97j for an introduction to pairs in this setting.) More generally, it is often useful to study 
triples {X, D, a), where D is a divisor and a an ideal sheaf on X. 

The F-signature of pairs and triples was recently defined in [BST11| . First, we recall: 

Definition 4.1. Let R be a normal domain. Let D be an effective Weil divisor on X = 
SpecR. We define R(D) to be the module of global sections of Ox{D). That is, R(D) = 
{/ G Frac(i?) | div f + D > 0}. 

Remark 4.2. Note that R C R(D), and that if D is the principal divisor div g for some g G R, 
then R(D) = R ■ - is the cyclic F-module generated by K 

Now we can define the F-signature of a pair or triple: 

Definition 4.3. Let (R,m) be a normal local (or N-graded) domain over k, of dimension d. 
Let D = aiDi be an effective Q-divisor on X = Speci?, a an ideal of R, and < i 6 R. We 
define the F -signature of the triple {R,D,a l ) as follows. For each e, let t e = Homp(i2 1//pe , R). 
Let ® e be the R x l p& -submodule of £ e defined as Homp(ii([~(p 6 — l)D]) 1 / pe , R). (The module 
structure is given by premultiplication, r 1 /^ • <p(x) = (j){r l / pe x).) Define L® C R to be the ideal 
{r G R | \f(f> G D e , ^(r 1 /^) G m}. Then the F-signature s(R, D) is lim e _ s . 00 l ^ R JJ d e ^ . 

LetD' e = ©^(^(aKP*- 1 )*!)), the R 1 ^ -submodule ofJ3 e generated by {[x \-> ^(a 1 ^ -x)] \a G 

fl r(p e -i)*i J € 2) e }. 

Define 1% C R to be the ideal {r G R \ V0 G 3)' e , <j){r l /P e ) G to}. The F-signature s(R,D,a l ) 
is defined to be lim^oo ^^H^ . 

Remark 4.4. The limits given in Definition 14.31 have been shown to exist in [BSTllj . in the case 
of a local ring. 

Remark 4.5. It's easily checked that the F-signature of the triple (R, D, (1)) (with a as the unit 
ideal) is the F-signature of the pair (R,D). Likewise, the F-signature of the pair (R, 0) (with 
D as the zero divisor) is the F-signature of R. 

Just like the "usual" F-signature, the F-signature of pairs may be viewed as a measure of 
the number of splittings of the Frobenius map, or as a measure of the number of free summands 
splitting off from R l / p£ , though the F-signature of pairs only counts certain summands: 
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Lemma 4.6. (See [BST11], Proposition 3.5.) Suppose that we are in the setting of Definition 
\4-3\ Set a® = 1{F*{R/ 1®)), so that s(R, D) = lim e _> 00 ^ e( " e +Q) ■ Then a® is the maximum rank of 

a free summand of R(\(p e — l)D~\) 1 ^ pe that is simultaneously a free summand of the submodule 
Jl 1 /p e . Moreover, any k-vector space basis for i2 1//pe /(/ f P) 1//pe lifts to a set of generators in R l l pe 
for such a free summand of maximum rank, and (l£ ) ) 1 / pe is the submodule of elements of R}' pa 
which do not generate such a free summand. 

Minor modifications can be made to T) e or to D' e in the definition, without changing the 
.F-signature. In particular: 

Lemma 4.7. ( JBSTllf , Lemma 4-11.) Let R,D,a,t be as in Definition ^. 3[ Suppose that for 
each e, D e is replaced by some T)' e C <t e such that for some ^ c G R, c l / p<i 'ii e C D' e and 
c 1 /P e Q' e c Q e . Then the limits given in Definition ^. 3\ are unchanged by this replacement. 

This lemma allows us to make many simplifications in our F-signature computations: 

Lemma 4.8. (JBSTllf . discussion following Lemma 4.11.) Let R,D,a,t be as in Definition 

EE 

Suppose that for some sequence of divisors D' e , the coefficients of (p e — 1)D — D' e are bounded. 
Then replacing D e = Hom R (R(\(p e - l)D]) 1 / p " , R) with Hom R {R{\D' e ]) 1 /P e ,R) in Definition 
\4-3\ does not change s(R, D,a l ). (In particular, we may replace (p e — 1)D by p e D in the limits 
given in Definition \4-3\ without changing the F-signature.) If we write D = ^2ii a iT>i, then 
s(R, -D, a*) is continuous inai. 

Likewise, suppose \{p e — l)t\—t' e is bounded for some sequence of exponents t' e . Then replacing 
\(p e — l)t~\ with [~tg] in the definition does not change s(R,D,a t ). Also, s(R, £>,a*) is continuous 
in t. 

Finally, replacing o* e with its integral closure o*e does not change the F-signature. 

Lemma 14.81 will allow us to simplify our computations later by, for example, assuming that 
t and the coefficients ai of D are rational numbers with denominator a power of p. 
We also have, in the triples case: 

Lemma 4.9. Suppose that we are in the setting of Definition \4.3\ Then 7" = (I® : (V^" -1 "). 
Equivalently, set a a e = l(F^R/F^I°), so that s(R,D,a t ) = lim,,-^ e $ +a) . Then I a e = (if : R 
a WP e -i)l) ; and 

a a e = l(F:R/(F:i? : R1/P e F^-Dl)). 

Proof. Requiring that r G (if : a^^ -1 )!) is the same as requiring that multiplication by an 
element a E (o^^" 1 )! ) 1 /p e sen ds r 1 '^ into (/f ) 1/p< \ so that for all G D e , </>(a ■ r 1 ^) G 
m. This is equivalent to saying that for all (f> G r £)' e ,(f)(r 1 / pe ) G m. We conclude that r G 
(if : aW^" 1 )!) r G I e a . We have proved our first claim; the second claim follows 

immediately. □ 

4.2 Toric preliminaries for pairs and triples 

For our pair and triple computations, we will require some understanding of divisors on toric 
varieties. (Unless stated otherwise, proofs of these results may be found in [Ful93j ). 

Definition 4.10. A prime Weil divisor D on a toric variety X is torus-invariant if it is invariant 
under the action of the embedded torus on X. More generally, a divisor D is torus-invariant if 
D = y ^_ li aiDi, where Di are the torus-invariant prime divisors of X. 
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The torus-invariant prime divisors of X are in bijective correspondence with primitive gen- 
erators Vi of the cone a C N-r of X. (In particular, the prime divisor corresponding to Vi is 
Di = V(ij), where Li is the ideal generated by monomials u such that u-Vi 7^ 0.) It can be shown 
that Vi : Frac(i?) — > Z, the discrete valuation corresponding to Di, is given by Vi(u) = u ■ Vi. 
From this, it follows that: 

Lemma 4.11. Let X = Speci? be an affine toric variety, R = k[S], S = er v Pi M C Mr. 

Let D = Y^i a iDi be a torus-invariant divisor on X, where each Di corresponds to a primitive 
generator Vi of a. Then R{D) = ^2^R ■ x u , where the sum is taken over all u G S such that 

U ■ Vi > —Of. 

For our F-signature of triples computation, we will require the concept of the Newton poly- 
hedron of a monomial ideal. 

Definition 4.12. A polyhedron is a possibly unbounded intersection of finitely many half-spaces. 

Definition 4.13. Let R = k[S] be a monomial ring, with S C Mr, as above. Let a C R be 
a monomial ideal (i.e., an ideal generated by monomials). The Newton polyhedron of a, a 
polyhedron in Mr, is the convex hull of the set of monomials in a. 

The Newton polyhedron is closely related to the integral closure of monomial ideals: 

Lemma 4.14. ([VilOl], Proposition 7.3.4) Let R = k[S] be a monomial ring as above. Let 
a C R be a monomial ideal. Then the integral closure a of a in R is a monomial ideal generated 
by those monomials in the set Newt(o) H M. 

Definition 4.15. Let Qi,Q2 be subsets ofW 1 . The Minkowski sum of Q\ and Q2, denoted 

Qi + Q2, is the set {u\ + H2 \ u% G Qi,U2 G Q2\- We denote by Q\ — Q2 the set Q\ + (—Q2) = 

{«i — U2 I ui G Ql,U2 G (fl- 
it's easy to see that the Minkowski sum of two polyhedrons is itself a polyhedron, and that 

the sum of two polytopes is a polytope. (See, for example, [Grii03] . §15.1.) 

As Corollary 14.301 is a statement about Q-Gorenstein pairs, we recall the definition of the 

Q-Gorenstein condition. 

Definition 4.16. If D is an effective divisor on X = Speci?, the pair (R,D) is Q-Gorenstein 
if, fixing a canonical divisor Kx on X, the divisor Kx + D is Q)-Cartier; that is, some integer 
multiple of Kx + D is Cartier. 

It happens that on a toric variety, a canonical divisor may be given by Kx = — Ya ^it where 
the sum is taken over all torus-invariant divisors on X. It's also a fact that Cartier divisors on 
an affine toric variety are principal. We conclude: 

Lemma 4.17. Let X = Spec k[S] be an affine toric variety with a corresponding strongly convex 
polyhedral cone a. Let D = YZi^iDi be a divisor. Then (R, D) is Q-Gorenstein if and only if 
for some w G M Q, w ■ v% = — 1 + a% for each i. 

Proof. Given u G M, div x u = ^2i(u ■ VijDi. This operation extends linearly to Q-divisors, so 
that for u G M <S>z Q, div x nu = n(Y^i c %^i) if an d only if u ■ Vi = Ci for each i. Thus, Kx + D 
is Q-Gorenstein if and only if for some w 6 M® Q, w ■ Vi = — 1 + etj for each i. □ 
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4.3 Pairs Computation 

Now we will compute the F-signature of pairs and triples. We begin with the pairs case, in 
which our proof requires little modification from that of Theorem 13.31 

Definition 4.18. Let a be a cone as in Remark \3.1l with primitive generators v%, ... ,v r . Let 
D = aiDi be a torus-invariant Q-divisor on SpecR, with Di the prime divisor corresponding 
to Vi. We define P® C <r v to be the polytope {v G Mr | Vi, < v ■ Vi < 1 — a{\. 

Theorem 4.19. Let R be the coordinate ring of an affine toric variety, with conventions 
as in Remark \ Let D be a torus-invariant Q-divisor, with associated polytope P® as in 
Definition \4-18\ Then F^L® is generated by the monomials in the set (o~\P®) fl , and 
s(R) = Volume^). 

Proof. First, we apply Lemma f4.8l to replace {p e — l)D by p e D without changing the F-signature. 
By the same lemma, s(R,D) is continuous as a function of the a^, so we may assume that 
aj £ ^jrZ. (Proving the claim on that dense subset will prove it for all divisors by continuity.) 
We also assume that e is sufficiently large, so that p e D is an integral divisor, and [~p e D] = p e D. 
As a result of all this simplification, we may ignore the rounding-up operation. 

By Lemma |4.11| R{p e D) is an N n -graded i?-module, generated by {\ v \ v G M, and v ■ Vi > 
—p e a{\. It follows that R(p e D) 1 / pC is N n /g-graded: it's generated by {\ v \ v G peM, and 
v ■ Vi > -ai}. 

Thus, we may apply Lemma [3.71 The graded module R{p e D) l l p " decomposes as a direct 
sum of graded submodules, where each submodule is generated by related monomials. Each 
submodule splits off from R(p e D) 1 / pe if and only if it is generated by a single monomial; likewise, 
each submodule generated by monomials in splits off from i? 1//pe if and only if it is generated 
by a single monomial. 

Set a' = {v G Mr | Vi, v ■ Vi > — a{\ } so that if S' := M n a', then x is the set of generators 
for R(D). By Lemma Ml a e = #{v G ±S\ Vfc G M\S,v + k <£ ±S'}. Note that i^/f is 
generated by those monomials in R l / pe whose corresponding characters are not in this set. 

Following the proof of Theorem 13.31 we 

find that a e = #{v G \ Vk G M\S, v + k£ ±S'}. 
Equivalents, a e = #{v G a v n \ \/k G M\a v , v + k <£ a'}. That is, 

a e = #{-MnP'}, 

p e 

where P' = {v\v-Vi > 0, and Vfc G M\cr v , (v + k)-iJi < — for some i}. (By the same argument, 
F%I e is generated by the monomials whose characters lie in <7 V \P'.) By Lemma 14.201 (the pairs 
analogue to Lemma l3.1ip . P' = P® . Our claim then follows from our lemma on volumes of 
polytopes, Lemma 13.121 just as in our original proof of Theorem 13.31 □ 

Lemma 4.20. Suppose that we are in the situation of Lemma \4-15\ and that P 1 = {v \ v- v*i > 0, 
andVk G M\cr v , (v + k)-Vi < -Oj for some i}. Then P' = P® = {v G M K | Vi, < v-Vi < 1-Oi}. 

Proof. We follow the proof of Lemma 13.111 Suppose that v G P®, k G M, and k ■ Vi < 0. Then 
(v + k) ■ Vi < (1 — Oj) + (—1) = — a{, so v + k £ a'. It follows that P® C P' . On the other hand, 
suppose v £ P® . Either v ■ Vi < for some i, in which case v ^ P' , or v ■ Vi > 1 — ai for some i. 
In the latter case, we may, as in Lemma [3.11|, choose k G M such that k ■ v^ = —1 and k ■ Vj > 
for all j ^ i. Then k ^ <r v , but (v + k) ■ iJj > —aj for all j. It follows that v £ P' . 

We conclude that P' = P® . □ 
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4.4 Triples Computation 



Definition 4.21. Let a be a cone as in Remark \3.1\ and D a torus-invariant divisor, with 
corresponding polytope P® as in Definition \4- 18{ Let a C R be a monomial ideal, and < 
t £ 1, Let Newt (a) denote the Newton polyhedron of a. We define P^'" to be the polytope 
[P? -t-Newt(a))nci v . 

Theorem 4.22. Let R be the coordinate ring of an affine toric variety, with conventions as in 
Remark \3.1[ Let D be a torus-invariant divisor as in Definition ^ . 18\ Let a C R be a monomial 
ideal, with associated polytope P^'" as in Definition ^. 21\ Then s(R,D,a t ) = Yo\\xme(P^ ,a ) . 

Proof of Theorem \4-22\ As in our proof of Lemma l4,19l we apply Lemma l4.8l to replace (p e — l)D 
by p e D, and to assume that dj £ Likewise, we assume that t € and we replace (p e — l)t 
with p e t, so that for sufficiently large e, \p e t] = p e t, and [p e -D] = p e D. We also replace a pe * 
with its integral closure aP et , which is generated by monomials in the set p e t ■ Newt(a). 

We will use the characterization of F-signature of triples given in Lemma 14.91 Thus, we 
study (I e a ) 1/pe = ((/f ) 1/pe : (a^*) 1 ^). By LemmaHjjl (if ) 1 /p e i s generated by the monomials 
whose characters lie in (a s/ \P ( D ) D \M. The set of characters v with 

Newt (a)) (~l hM. Thus, the monomials in R 1 l pe \(Ll) 1 l pe are those x*,v G n cr v , such that 
for some w 6 ^Mnt-Newt(a), v+ w € P® . This set of characters can be written as a Minkowski 
sum, so that the size a" of the set is: 

a a e = #(((P? n Am) - ((i • Newt(a)) n 1m)) n a v ). 

We obtain a slightly larger (but easier-to-count) set if we intersect with the lattice ^jM only 
after taking the Minkowski sum. In particular, set a' e := #((P„ - t ■ Newt(o)) n cr v n iM). 
Note that a' e = #(P°' a n^M). Now, a' e may be larger than a°. However, by Lemma 14.231 



li m e->oo -phi — lim e — S.QO pfz 



Thus, s(R, D, a*) = lime^oo We can apply Lemma EE] (with M = Z n , P = P°' a , and 
a e = #(-P fl ^M)) to conclude that the F-signature of triples is the volume of the polytope 
P?' a . □ 



4.5 A Technical Lemma 

All that remains is to prove Lemma 14.231 which states that in the proof of Theorem 14.221 the 
quantities a\ and a' e are "close enough" that either one may be used to compute F-signature. 
(These two quantities are obtained similarly: to compute a°, we start with the polytopes P^ 
and —t ■ Newt (a); intersect each with the lattice pjM; then take the Minkowski sum of these 
two sets. To compute a' e , we take the Minkowski sum of the two polytopes, then intersect with 
the lattice -^M.) 

Lemma 4.23. Suppose we are in the situation of Theorem \4-22\ Assume that all coefficients 
(the a,i and t) lie in for some cq. Let a% = n P? -±Mn(t- Newt (a)) n P?)) 

and a' e = #((P CT D - ({t ■ Newt (a)) n P?)) n ±M n P CT D ). Then lim^ = 0. 

To prove Lemma 14.231 we wish to show that taking the Minkowski sum of two polytopes, 
then intersecting with a lattice, is "roughly the same" as performing those operations in reverse 
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order. That is the content of Lemma [4.291 the proof of which will proceed in several short steps. 
(Lemma 14.251 will be used to prove Lemma 14.261 and Lemmas 14.261 14.271 and 14.281 will be used 
to prove Lemma 14.291 Lemmas 14.261 and 14.291 will then be used to prove Lemma 14.231 ) 

Remark 4.24 (Notation). In what follows, let M be a lattice, and M R = M <g) R ~ R n . Fix 
eo > 0, and set M' = ^jM. We denote by d(v, U) the distance from a point v to a set U, 
given by d(v, U) = inf^ g j/ d(v, u). We denote by B(v, r) the ball of radius r around v, given by 
{u | d(v,u) < r}. We denote by dU the boundary of a set U. Set \_x\ e = ^ ^ (rounding down 
to the nearest multiple of ^) and [x] e = x — [x\ e (the ^--fractional part of x). 

Lemma 4.25. Fix any polytope Q C Mr with extremal points in M' . There is a constant K 
such that for each e, and for u E Q, d(u, Q R -^M) < 



Proof. Let ui, . . . , wj. denote the extremal points of Q; all are contained in -4g-M. Fix v E Q, 
say v = Y^i a iUi with < an ^ ai = 1. Note that Y,ii a i]e = 1 — Yli l a i}e G ^-Z. Furthermore, 
^Jajje < ^ (each of the terms in the sum is less than ^). Suppose without loss of generality 
that ui has the greatest length of any of the extremal points. 

Set v* = Y^il a i\e-e Ui + (^2i[ai] e -e )ui- Then u* E Q n ^M. Moreover, d(u,u*) < 
J2i[ai}e-e \ui\ + (EJ a i]e-e )l^i| < ^=W- Thus, any K > 2kp ea will be sufficient. □ 

Lemma 4.26. Fix polytopes Q, Q' C Mr wra£/i extremal points in M' . For each e, set B e = 
(Qi n pM) + (Q 2 n ^M), 5g = (Qx + Q 2 ) n iM. T/ien i/iere is a constant K such that for 
each e, and for u E B' e , d(u, B e ) < 

Proof. It suffices to show that given v E Qi + Q2, d(v, Q\ n ^-M + Q2 H ^M) is bounded above 
by some -g-. Fix such v. Then v = u + w with u E Qi and W £ Q2- By Lemma 14.251 for some 
constants Ki, K 2 , we have d(u, Qi n =M) < and d(t<;, (i • Q 2 ) n pM) < It follows that 

i(?,QiniM + Qjni^<^. □ 

Lemma 4.27. Let X be a polyhedron and v £ X. Then for some half-space H , v + H does not 
intersect X. 

Proof. Since v ^ X, v lies in the complement, H, of some defining half-space of X. Thus, v + H 
does not intersect X. □ 

Lemma 4.28. Fix K > 0. There is a constant k sufficiently large that for any half-space 
H C Mr, H n £>(0, k) contains an open ball of radius K around a lattice point w E H n M. 

Proof. Fix f/\ For some vector u, H = {v E Mr | v • u > 0}. We may assume \u\ = 1. Let 
e*j be the standard basis vectors. Then for some i, ^ < \u ■ ej|. If necessary, replace e*j with 
— e*i so that u ■ e% > 0. Set k = \nK] + Then w = \nK~\ei satisfies the desired conditions: 
w E H n B(0, k); since w-u>K, B(w, K) C ff; and clearly B(w, K) C B(0, \nK] +K). □ 

Lemma 4.29. Suppose we are in the situation of Lemma \4-%6\ Set P = Q\ + Q2. Then for 
some constant k, B' e \B e is contained in an open neighborhood around the boundary dP of P, of 
radius ^. (That is, if v E B' e \B e , then d(v,dP) < 
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Proof. Let K be a constant chosen as in Lemma 14.261 so that for all sufficiently large e, each 
monomial in B' e lies within distance ^ of a point in B e . Fix k sufficiently large that for any 

half-space H, H n £>(0, k) contains an open ball of radius K around a lattice point w € H D M. 
Suppose for the sake of contradiction that the claim is false. Then there is a monomial v G B' e \B e 
such that B(v, ^) C -P. Fix H so that v + H does not intersect P (such H exists by Lemma 
I4.27p . For our chosen K, fix w as in Lemma 14.281 

Let u = v + ^w. Since d(v, u) < ^, we see that u €: P, so u E B' e . On the other hand, by 
our choice of k, B(u, pr) C v + H. It follows (by the statement of Lemma l4.28j) that this ball 
does not intersect B e , so d{u,B e ) > -g. Thus, by Lemma f4.26|. u £ B' e , a contradiction. □ 

Proof. (Proof of Lemma [03J) We apply Lemma 0T29] with Q 1 = P® , Q 2 = t ■ Newt(o), so that 
Pct'° = (Qi + (— Q2)) H cr v . By Lemma T4.291 the difference a' e — a% is bounded by the number 
n e of — M-lattice points in a neig hborhood B(dP„' a , £) of dP^ a of radius £. The quantity 

~c is smaller than the volume of the union of all cubes intersecting B(dP^' a , ^). That union 

of cubes is, in turn, contained in B(dP^ ,a , ^p). 

We conclude that lim™ p < lim^ Volume(£(<9P?' a , ^±#)) = 0, so lim^ jfr = 0, 
as we desired to show. □ 



4.6 Q-Gorenstein Triples 

Finally, we prove Corollary 14.301 which gives a particularly nice characterization of P?' when 
(P, D) is a Q-Gorenstein. 

Corollary 4.30. Zei P 6e t/ie coordinate ring of an affine toric variety, D a divisor on SpecP, 
and a a monomial ideal, presented as in Theorem Suppose that the pair (P, D) is Q- 

Gorenstein. Then s(R, D, a*) = Volume(P ( f n t ■ Newt (a)). 

Proof of Corollary \4- 3 0[ Since the pair (P, D) is Q-Gorenstein, for some w G M(g>Q, uJ-Vj = 1— 
for each i. (Just let u; be the negative of the vector given by Lemma 14.171 ) Set eft to be the map 
u I—?- w — u. We claim that <p is a volume-preserving bijection from P^' a to (t • Newt (a)) n P® . 
The corollary will follow immediately. 

Before we prove the claim, we first check that <p maps P® to itself. Suppose z G P® ■ Then 
< z ■ Vi, so (w — z) ■ Vi = (1 — a,i) — (z ■ Vi) < 1 — Oj. Similarly, < (w — z) • We conclude 
that cf)(z) G P^ . 

Returning to our claim: the map (p is clearly linear, volume-preserving, and self-inverse, so 
it suffices to show that 0(P CT ' a ) = (t ■ Newt (a)) D P® ■ Suppose u G P CT ' a . In particular, u G Pj 3 , 
so (as we just showed) cj)(u) G P® . 

Since u G P?' a , we may write u = x — y, with x G P®,y G (i • Newt (a)) n P® . Then 
u; — u = y + {w — x). Since (to — x) ■ Vi > (1 — aj) — (1 — dj) = 0, we conclude that w — x G cr v . 
Since t-Newt(o) is closed under addition by vectors in cr v , we conclude that = y + (w — x) G 
t ■ Newt (a). 

So far, we've shown that (f>(P^' a ) C P® D i • Newt (a). On the other hand, suppose that 
y e P„ C\t ■ Newt(o). We wish to show that w - y G P° ,a . Since uJ G P^ 1 , w - y £ P® - 
((t ■ Newt (a)) fl Pj 3 ). Moreover, since y G Pi 5 , we have that 4>(y) G P^ 1 . We conclude that 
m G (P? - ((t ■ Newt(a)) n P a B )) n P ff D = P°' a . 

It follows that is a volume-preserving bijection. Thus, s(P,P>,o*) = Volume(Pa ,B ) = 
Volume (P® n i • Newt (a)), as we desired to show. □ 
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5 Alternative Monomial Ring Presentations 



5.1 A Slightly More General F-Signature Formula 

Theorem 13.31 can be made to apply to monomial rings that are not quite presented "torically." 
In particular, suppose R = k[S], where S = L n a y for any lattice L, not just L = M . Then it's 
not difficult to apply a slightly modified version of Theorem 13.31 to this presentation of R. 

Definition 5.1. Let a be a cone as in Remark \3.1l with primitive generators v*i,...,v r . Let 
L be a lattice. For each i, let C{ = min^g^ \v ■ v*i\. We define P^ C o to be the polytope 
{w € Mr I Vi, < w ■ Vi < Ci}. (Note that if L = M, then P^ = Pa, as Ci = 1 for each i.) 

Theorem 5.2. (We use the conventions of Remark \3.1\ ) Let L C M be a sublattice, and 
set S = <7 V n L. (By Remark \2.11l L = Lattice(S') . ) If a is a full- dimensional cone, then 
s(R) = Volume(P,^), with the volume measured with respect to the lattice L. Moreover, for each 
e, a e = #(P CT L n^L). 

Proof. The proof is essentially the same as that of Theorem 13.31 with M replaced by L, except 
that in the supporting Lemma 13.111 for each i, we replace the condition < Vi < 1 with 
< Vi < C{. (In the original proof, we made use of the fact that q = 1 for L = M. It is 
easily checked that the proof holds in this more general case if we just replace each 1 with q as 
necessary.) □ 

Example 5.3. Theorem 15.21 may be used to recover the F-signature of a Veronese subring R^ of 
a polynomial ring R = k[x±, . . . , x n ]. (This computation has already been performed in [HL02J 
and |Sin05| .) In particular, R^ = k[o~ v n L], where a is the first orthant and L C M = Z n is 
the lattice of vectors whose coordinates sum to a multiple of n. It's easily checked that for such 
L and cr, = 1 for all i, so that P„ = Pa- Moreover, #(M/L) = n, so Volume^ = ^ • Volume^. 
We conclude that s(R^) = Volume/, (P*) = ± Volume M (Pa) = 

5.2 A New Proof of an Old F-Signature Formula 

Now we can provide an elementary proof of the F-signature formula given by Singh. First, we 
will need to discuss a few relevant properties of monomial rings. 

Definition 5.4. Let S be a semigroup of monomials contained in the semigroup T generated 
by monomials x\, . . . ,x n . (So k[A] is the polynomial ring k[x%, . . . ,x n ].) Then S is full if 
Frac k[S] n k[xi, . . . , x n ] = k[S]. Equivalently, Lattice(5) n T = S. 

Definition 5.5. Let S be a semigroup of monomials contained in the semigroup T generated by 
monomials x\, . . . , x n . Then we say that S satisfies property (*) if the following holds: consider 
any variable Xi € T. Then there exist monomials £, r\ G k[S] such that as a fraction in 
Frac k [T] in lowest terms, can be written as ^- (where r is a monomial in S but not necessarily 
in T). Equivalently, the lattice LcZ" generated by S should contain, for each i, an element 
with i th coordinate equal to -I. 

Theorem 5.6 (Singh). Let R C A = k[x\, . . . ,x n ] be a subring generated by finitely many 
monomials, R = k[S], where S is a finitely generated semigroup. Suppose k is perfect, and let 
via be the homogeneous maximal ideal of A. Assuming that R is presented so that S is full 

l( Rl im^ pe ^ r\R)) 

and satisfies property (*), the F -signature of R is s(R) = lim^oo ^ — . In particular, 

a e = l{R/{m [ p C\R)). 
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Proof. We are given that S = Lattice(S) (IT = Lattice(5) PI <r v , where a is the first orthant, 
with primitive generators Vi equal to the unit vectors in M. n . Thus, we may apply Theorem 15,21 
to the cone a and the lattice L = Lattice^). It remains only to show that l(R/(m! 1 ^ ' n R)) = 
#{Pp fl jfL). Since a = 1 for each i, the right-hand side is € -hsL | < v ■ Vi < 1}. The 
left-hand side is equal to the number of v E L whose coordinates are all less than p e , which is 
f^{v € L | < v ■ Vi < p e }. Dividing all elements of the left-hand side by q, we see that the left- 

l ( R / ( Tfi ^ G ^ OR) ) 

hand side and right-hand side are equal. Thus, s(R) = lim^oo ^ = lim e _ >00 ^ . □ 

6 Appendix 

6.1 Some supporting F-signature results 

Remark 16,11 generalizes our main theorem to the case of an imperfect residue field. Theorem 
16,21 computing the F-signature of a product, is used in our proof of theorem 13.31 as a means of 
avoiding discussion of the special case that our toric variety has torus factors. Theorem 16. 41 is the 
local version of Theorem 16.21 Lemma 16.61 demonstrates the equivalence of local and N-graded 
-F-signature computations. 

Remark 6.1. We wish to extend Theorem 13.31 to the case of an imperfect (but still F-finite) 
residue field. One can show using |Yao06] (Remark 2.3) that F-signature is residue field- 
independent. We give an less general but more concrete argument. Suppose k is not perfect. The 
arguments of Theorem 13.31 still compute the asymptotic growth rate of the number of splittings 
of k[±S}: 

free rank (k [^S]) 
lim -; — = Volume (Po-). 

But for imperfect k, R 1 ^ = k^l^S] ~ k 1 ^ ® k k[±S]. In particular, R 1 ^ is a free k[±S\- 
module of rank \k^l p " : k] = p ea . It follows that the free rank of R l l pe is p ea times the free 
rank of k[^S\. Thus, by Definition 12.41 as wen as the above formula, we see immediately that 
s(R) = Volume^). 

This approach generalizes to the case of pairs and triples. In the pairs case, let £,? denote 
the set of monomials in R(p e D) 1 / pS . Regardless of whether k is perfect, the arguments of 
Theorem 14.191 still compute the asymptotic growth rate of the number of splittings of k[E^ ] 
that also split from k[±S\ to be Volume(P^). However, R(p e D)^ pe ~ k l / pB ® k fc[Sf], so 
the number of splittings of R(p e D) l l p " that also split from R l l p " is p e ( d+a ) ■ Volume(P ( ^ ) ), and 
s(R, D) = Volume^cP), as we desired to show. 

In the triples case, let '° denote the set of monomials in ((L D ) 1 ^ pE ■ (a pet ) l ^ p ")- Regardless 
of whether k is perfect, the arguments of Theorem 14. 22 1 still compute the asymptotic growth rate 
of k[±S]/{Y,e ,a ) to be Volume(P°' n ). Now consider Lemma WM We see that F£R/((I D ) 1 / pC : 
(^)i/p e ) ~ /ei/P e <g> fc fc[^5]/(sf' a ). Thus, a a e = p< d+a "> • Volume(P?' a ), and s(R,D,a) = 
Volume(Pff as we desired to show. 

Now we'll show that the F-signature of a product of varieties (i.e., the F-signature a tensor 
product of rings over the appropriate field) is the product of the F-signatures. We'll give proofs 
in both the local and graded cases. 

Theorem 6.2. Let A be a semigroup (e.g., N or TP 1 ). Let R and S be A-graded rings containing 
a perfect field k, each with zeroeth graded piece equal to k. Then s(R ®fc S) = s(R) ■ s(S). 
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Proof. First, note that since Zeis perfect, {R® k S) l/pe ~ R 1/pe ® k S 1/pe . Suppose that R 1/pB ~j?_ mo d 

© M e , and S 1 /^ ~ s _ mod S®^ © iV e . Then (R © fc S) 1 /^ ^(^ fe s)_ mod (i?® ae © M e ) © fc 
(S* N e ) ~ (12 ® fc 5)® aebe © (12 fc iV e )® ae © (M e © fc S*)®K By Lemma E3 (R © fc 2V e ) and 
(M e ©fc 5) have no free summands. It follows immediately that the free rank of (12 ©fc S) l l pe is 



mR+i 

s(R) ■ s(S). □ 



a e b e . Since dim(l?©jtS') = dimfi + dimS, we conclude that s(R<g> k S) = lim e _ s . 00 ^ e(din f^ + ° dimS) 



Lemma 6.3. Let A be a semigroup, and let R and S be A-graded rings over a field k with zeroeth 
graded piece equal to k. Let M and N be graded R- and S-modules, respectively. Suppose M©fciV 
has a free summand as a graded R ©fc S-module. Then both M and N have free summands as 
graded R- and S-modules. 

Proof. Suppose that M ©fc N has a free summand. Then we have a graded map (ft : M ©fc N — » 
R®kS- I n particular, 1 G imcft. Since im (ft is generated by the images of graded simple tensors in 
M©£ N, it follows that there is a graded simple tensor x©y G M©fciV such that deg <j>{x®y) = 
but <j){x © y) ^ 0. The degree zero part of R ©fc S is isomorphic to k, so (after replacing (ft by 
4>(x®y) we ma y assume that 4>(x © y) = 1 G 1? ©fc 5. 

Now, 1 generates a free summand 12© 1 of the free 12-module 12©fc S, so there is an 12-module 
map ift : 12 ©^ S -» R sending <ft(x © y) i->- 1. Consider the map ift o (ft : M — > R ® k S — > R. This 
map sends x i— >■ </>(x © y) i— > 1. We conclude that M has a free summand as an 12-module. By a 
symmetric argument, N has a free summand also. □ 

Theorem 6.4. Suppose (R,mn,k) and (S,ms,k) are local rings containing the same perfect 
residue field k. Let m C 12©fc S be the maximal ideal mn® k S + R® k ms- Then s((R<S> k S) m ) = 
s(R) ■ s{S). 

Proof. First, note that since k is perfect, (R® k S) 1/p " ~ R l / p<i ® k S l / p \ Suppose that R 1 /?* ~/j- mo d 
12®°* © M e , and S 1 ^ ~ s _ mod S® b * © N e . Then (12 © fc S)U^ ~(m k s) m ~mod {{R me © M e ) © fc 

( 5 ©6e e „ ( R 0fc 5) ea e 6 e e ( R ^ k Ne) ®a e Q ^ ^ 5) e6 e . By Lemma [g^J (fl 

N e ) m and (M e ©fc S 1 ^ have no free summands. It follows immediately that the free rank 

1 /r> e 

of (12 ©fc S)m is a e b e . Since dim(12 ©fc S) m = dim 12 + dim 5, we conclude that s((12 ©fc = 
lime^oo pe(dim a ^ + e dim s) = s(R) ■ s(S). □ 

Lemma 6.5. Let (12, m#, k) and (S, ms, k) be local rings with residue field k. Let m C 12 ©fc S 
be the maximal ideal ©fc S + 12 ©fc mg. Lei M and iV 6e 12- and S-modules, respectively. 
Suppose (M ©fc N) m has a free summand as an (12 ©fc S) m -module. Then both M and N have 
free summands as R- and S-modules. 

Proof. Suppose that (M ©fc N) m has a free summand. Then we have a map (ft : (M ©fc N) m -» 
(R® k S) m . Since (ft G Hom ((i?0fcS)m) ((M©fciV) m , {R® k S) m ) ~ (Hom fl0Jk s(Af® fc JV J fl® fc 5)) m , by 
clearing denominators we may assume that maps M® k N — > R® k S so that im</> m(R® k S). 
It follows that there is a simple tensor x © y G M ©fc iV such that </>(a; © y) ^ m(12 ©fc 5). In 
particular, <ft{x®y) m,R{R® k S). Recall that if A is a free module over a Noetherian local ring 
(12, run), then each element of A\mjiA generates a free summand of A. Thus, 0(x©y) generates 
a free summand of the free 12-module 12 ©fc S, and there is an 12-module map ift : R ©fc S -» 12 
sending (ft{x © y) H >• 1. 

Now consider the map tp o ^ : M — > 12 ©fc S —> R. This map sends x i— ?• ^>(x ® y) i— >■ 1. We 
conclude that M has a free summand as an 12-module. By a symmetric argument, ./V has a free 
summand also. □ 
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The following lemma (in particular, Lemma I6.6I5P demonstrates that if R is N- graded with 
homogeneous maximal ideal m, then the (graded) F-signature of R and the (local) F-signature 
of R m are equal. Moreover, the ideal I e C R m has a "graded counterpart" If C R which may 
be used to define F-signature in the graded category. 

Lemma 6.6. Let R be an ^-graded ring over a field k and homogeneous maximal ideal m. 
Set if = {r G R\V<p G Hom^i? 1 /^, R), ^(r 1 /^) G m}. let I e C R m be the ideal defined in 
Definition \2.6\ and i : R — > R m the natural map. Then: 

1. F^lf is the kernel of the map ip : F^R — > Hom^(Hom/j(i ? ! f R, R), R/mR) given by x h-> 
(4> >-> <t>{x) + mR). 

2. If is homogeneous. 

3. if = i~ x I e = I e C\R. 

4. Ifa e (R) is defined as in\K^ then a e (R) = 1{F^R/F^lf). 

5. For each e, a e (R) = a e (R m ). Thus, s(R) = s(R m ). 
Proof. 1. This follows immediately from the definition. 

2. Since F£R, R, and R/m are graded -R-modules, so are the modules of homomorphisms 
between them. The map ip is degree-preserving, that is, it's homogeneous of degree zero. 
It follows that F£l£ r = ker tp is a graded submodule. Hence, I§ r is a homogeneous ideal. 

3. Clearly F£I e = ker(-0 ®r R m ). It follows that F£I e ~ F%lf ®r R m (by the flatness of 
localization). Thus, I e = If R m = i(Ie T ). Also, i : R — » R m is injective. (If i(x) = 0, 
then wx = for w £ m. If xi is the lowest-degree term of x, and wo is the degree-zero 
term of w, then w^Xi = 0, but w$ ^ G k, so X{ = 0. Thus, x = 0.) We conclude that 

If = l e nR. 

4. Suppose F%R = R® ae © M e , where the decomposition is graded and M e has no graded 
free summands. We'll show that F£I§ = mR® ae © M e , from which the claim follows 
immediately. Since If is graded, to compute If or F^lf, we need only check which 
homogeneous elements they contain. Suppose x G F^lf. Then (f>(x) ^ m for some 
(p. Without loss of generality, we may assume that 4> is homogeneous. Then cp(x) is 
homogeneous and not in m, hence (j){x) G k, so x generates a direct summand Rx of F£R 
that splits off from F*R. This cannot occur if x G mR® ae © M e , so mR® ae © M e C i^/f. 
On the other hand, suppose x is homogeneous and x £ mR® ae ©M e . This occurs precisely 
when x is a generator of one of the copies of R in the decomposition. In that case, clearly 
x Fllf . We conclude that F^lf = mR eae © M e . The claim follows immediately. 

5. It's easily checked that m^R m C I e , so m^R C if. Thus, Rad/| 9rl = m, so R/lf = 
Rm/lf Rm as fc-vector spaces. We conclude that l(R/lf) = l(R m /I e )- It follows that 
a e (R) = l(F*R/ F*lf) = l^F+Rm/ F*I e ) = a e (R m ), as we desired to show. 

□ 

Remark 6.7. Lemma [6] 61 doesn't actually apply to all monomial rings. In particular, a monomial 
ring arising from a cone a that is not full-dimensional does not admit an N-grading with zeroeth 
graded piece k. On the other hand, we may apply Theorem 16.21 to reduce to the case where 
Lemma [6.61 applies . (If a is not full-dimensional, then /c[cr v DM] decomposes as a tensor product 
of the coordinate ring of a torus, which has F-signature equal to 1, and a monomial ring arising 
from a full-dimensional cone, which does admit an N-grading: see Lemma 12.91 ) 



19 



References 



[BSTll] Manuel Blickle, Karl Schwede, and Kevin Tucker, F-signature of pairs and the asymp- 
totic behavior of frobenius splittings, arXiv:1107.1082, 2011. 

[CLS11] David A. Cox, John B. Little, and Henry K. Schenck, Toric varieties, Graduate 
Studies in Mathematics, vol. 124, American Mathematical Society, Providence, RI, 
2011. MR 2810322 

[Fol99] Gerald B. Folland, Real analysis, second ed., Pure and Applied Mathematics (New 
York), John Wiley & Sons Inc., New York, 1999, Modern techniques and their appli- 
cations, A Wiley-Interscience Publication. 

[Ful93] William Fulton, Introduction to toric varieties, Annals of Mathematics Studies, vol. 

131, Princeton University Press, Princeton, NJ, 1993, The William H. Roever Lectures 
in Geometry. 

[Grii03] Branko Griinbaum, Convex polytopes, second ed., Graduate Texts in Mathematics, 
vol. 221, Springer- Verlag, New York, 2003, Prepared and with a preface by Volker 
Kaibel, Victor Klee and Giinter M. Ziegler. MR 1976856 (2004b:52001) 

[HL02] Craig Huneke and Graham J. Leuschke, Two theorems about maximal Cohen- 
Macaulay modules, Math. Ann. 324 (2002), no. 2, 391-404. 

[Kol97] Janos Kollar, Singularities of pairs, Algebraic geometry — Santa Cruz 1995, Proc. 

Sympos. Pure Math., vol. 62, Amer. Math. Soc, Providence, RI, 1997, pp. 221-287. 
MR 1492525 (99m:14033) 

[MS05] Ezra Miller and Bernd Sturmfels, Combinatorial commutative algebra, Graduate Texts 
in Mathematics, vol. 227, Springer- Verlag, New York, 2005. 

[Sin05] Anurag K. Singh, The F-signature of an affine semigroup ring, J. Pure Appl. Algebra 
196 (2005), no. 2-3, 313-321. 

[SVdB97] Karen E. Smith and Michel Van den Bergh, Simplicity of rings of differential operators 
in prime characteristic, Proc. London Math. Soc. (3) 75 (1997), no. 1, 32-62. 

[Tucll] Kevin Tucker, F-signature exists, arXiv:1103.4173, 2011. 

[VilOl] Rafael H. Villarreal, Monomial algebras, Monographs and Textbooks in Pure and 
Applied Mathematics, vol. 238, Marcel Dekker Inc., New York, 2001. MR 1800904 
(2002c:13001) 

[Wat99] Kei-ichi Watanabe, Hilbert-kunz multiplicity of toric rings, Proc. Inst. Nat. Sci. (Nihon 
Univ.) 35 (1999), 173-177. 

[WY04] Kei-ichi Watanabe and Ken-ichi Yoshida, Minimal relative Hilbert-Kunz multiplicity, 
Illinois J. Math. 48 (2004), no. 1, 273-294. MR 2048225 (2005b: 13033) 

[Yao06] Yongwei Yao, Observations on the F-signature of local rings of characteristic p, J. 
Algebra 299 (2006), no. 1, 198-218. 



20 



